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Equations of
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We ended up with the following equations {
/!

y p—

P
Consider s-dependent fields from
dipoles and normal quadrupoles B, = Bo(s) — g(s)a" , By =—-G(s)y
P

The total momentum can be written P — Po(l + 5 ) G
The magnetic rigidity Bop = & and the normalized gradient k = ——
0p
1 1 AP
x" — (k‘(s) - 2) r =
The equations become p(s) p(s) P
y' +k(s)y = 0

Inhomogeneous equations with s-dependent coefficients
Note that the term 1/p? corresponds to the dipole week focusing

The term AP/(Pp) is present for off-momentum particles



Hill’s equa
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m Solutions are combination of the ones from the
homogeneous and inhomogeneous equations

m Consider particles with the design momentum.
The equations of motion become

"+ Ky (s)x = 0

y,, + Ky (8) Yy — 0 George Hill

with K, (s) = — (k(s) — p(i)z) , K,(s) =k(s)

m  Hill’s equations of linear transverse particle motion

m Linear equations with s-dependent coefficients (harmonic oscillator

with time dependent frequency)

m In aring or in transport line with symmetries, coefficients are

periodic K.(s) = K.(s+C), Ky(s) = K,(s+C)

m Not feasible to get analytical solutions for all accelerator



Harmonic osc

t t t m Consider K(s) = k, = constant
w4+ ko u=0
m Equations of harmonic oscillator
with solution
v v Poou(s) = O(s) w(0) + S(s) u'(0)
- w'(s) = C'(s)u(0) +S'(s)u'(0)
with
C(s) = cos(v/kos) , S(s)= \/;_Osin(\/%s) fork, >0
1

C(s) = cosh(y/|kols) , S(s) = msinh(ms) for k, <0

m Note that the solution can be written in matrix form

(3'((?)) ) (5 o ssf(é))) (5%)))
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m  General transfer matrix from s, to s

() =0 () = (G Sch) ()
s Notethat det(M(s|sg)) = C(s|s0)S’(s|s0) — S(s|s0)C"(s|s0) = 1

which is always true for conservative systems

1 0
m Notealsothat M(sp|sg) = (0 1) =7

m The accelerator can be build by a series of matrix multiplications

M(sn|s0) = M(sn|sn—1) ... M(s3|s2) - M(sz2|s1) - M(s1]s0)

\ J
Y

froms,tos,

> ~~ ~—
from s, to s,
——
from s, to s;

—_——

froms,tos,
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Symmetric lines

m  System with normal symmetry

Qs

N— N

-

Y Y

b a b
M= (2 0) M= (2 0)
. c d c d L

a?+bc bla+d)

— . = 2:
Mior = M- M =M (c(a—l—d) d* + be

m  System with mirror symmetry

)

vm

vm

N~ Y ~ - Y ~
v (a\b) M- (d b)
c d c a
e U
——

Mo — M M_(ad—l—bc de>
tot — r ' -

2ac ad + cb



4x4 Matrices

m Combine the matrices for each plane
w0) = &0) @)
() - (&0 50) ()

to get a total 4x4 matrix

, USPAS, June 2005

d transport matrices

Hill's equations an



Transfer matri

Hill's equations and transport matrices, USPAS, June 2005

m Consider a drift (no magnetic elements) of length L=s-s,

()= (o 2" G

u(s)
u'(s)

)

SRS
e

ESRF

Masise(5150) = (

1
0

= wug+ (s — s0)uy = ug + Luy

p— u6

m Position changes if there is a slope. Slope remains unchanged




Focusing - def
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m Consider a lens with focal length +f

(-6 D) B

m  Slope diminishes (focusing) or increases (defocusing). Position remains
unchanged A X’

10



Quadrupole

m Consider a quadrupole magnet of length L. The
field is

B, =—-G(s)z, By =—-G(s)y
m with normalized quadrupole gradient (in m-2)

Lo G
Bop

The transport through a quadrupole is

() - (a0 R ) ()

Uy
9

X
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Quadrupole I
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H
2N ESRF

m For a focusing quad (k>0)

Men — cos(VEkL) ﬁ sin(vVkL)
Q —Vksin(vVkL)  cos(vVkL)

m For a defocusing quad (k<0)

cosh(r/Tk|L —L_ginh( kL
Mop (v/|k|L) N (v || L)
\/|k|sinh(+/|k|L) cosh(\/|k|L)

m Bysetting /LI, — 0

1 0 1 0
MQF,QD — (_kL 1) — (_% 1) — Mlens
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Sector Dipol

m Consider a dipole of length L. By setting in the focusing quadrupole matrix

1
P
the transfer matrix for a sector dipole becomes

cos@  psinf

Msector — 1

-5 sinf® cos®

with a bending radius g —

m In the non-deflecting plane — 0
1 L p
Msector — 0 1 — Mdrif

m This is a hard-edge model. In fact, there is some edge focusing in the vertical
plane

arc length

Hill's equations and transport matrices, USPAS, June 2005

13



Rectangular
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X/;x/ | a
P AN 1 x

m Consider a rectangular dipole of length L. At each edge, the deflecting angle is
AL ftano

It acts as a thin defocusing lens with focal length — = an

a:

. P 1 0

m  The transfer matrix is Miect = Medge * Msector * Medge WIth Meqge = (tan((s) 1)
P

m For 0<<1, 6=0/2.

m In deflecting plane (like drift) in non-deflecting plane (like sector)

1 psinf cosf  psinf
M:E;rect — (0 1 ) My;rect — ( )

—% sinf cos@
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Quadrupole

m Consider a quadrupole doublet, 1.e.
two quadrupoles with focal lengths f,
and f, separated by a distance L.

m In thin lens approximation the
. y transport matrix is

1 0\ /1 L 1 0 1 - L L
o= (4 D6 DG D-(5F 1 5)
f2 f1 f* f2

. 1 1 1 L
with the total focal length —— =

f*  fi | foo fifo
. 1 _ L
m Settingf, =-f,=f1 Fx T f2

m Alternating gradient focusing seems overall focusing
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m This is only valid in thin lens approximation!!! 1



“sandwiched” by two focusing
quadrupoles with focal lengths f.

(\ \ / /\ m Consider a defocusing quadrupole

! \ m The symmetric transfer matrix from
V V center to center of focusing quads
L L Mropo = Muqr - Masit, - Mqp - Masit - Muqr

with the transfer matrices

1 0 1 L 0
MHF:( 1 )aMdrif:< ),MD=(1 )
Q —55 1 t—\o 1 Q : 1

m The total transfer matrix is

1— Ly 2L(1+ &)

—

Mropo =
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