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B Driven oscillators and resonance condition

B Field imperfections and normalized field errors
B Perturbation treatment for a sextupole

B Poincaré section

B Chaotic motion

B Octupole effect and fringe fields

B Singe-particle diffusion

Dynamics aperture
Frequency maps
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B Damped harmonic oscillator:
d*u(t)  wo du(t
()l 0 ()Iwgu(t):()
dt? Q di
Q is the damping coefficient (amplitude decreases with
time)

w, is the Eigenfrequency of the harmonic oscillator
B An external force can pump energy into the system

d*u(t)  wo du(t) 5 _F
T + 0 di + wiu(t) = Ecos(wt)
B General solution u(t) = Up, (t) + Ut (t) with
ust(t) = U(w) cos(wt — a(w))

w the frequency of the driven oscillation
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Amplitude U(w) can become large for certain
frequencies 3



U(0)
V= ()% + (%)

* Without or with weak damping a
resonance condition occurs for w = W,

Uw) =

 Infamous example:

Tacoma Narrow bridge 1940

excitation by strong wind on the
eigenfrequencies
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B Hill’s equations with driven harmonic force

di;gs) -wiu(s) = F(u(s), s)

where the F is the Lorentz force from perturbing fields

Linear magnet imperfections: derivation from the design dipole
and quadrupole fields due to powering and alignment errors

Time varying fields: feedback systems (damper) and wake fields
due to collective effects (wall currents)

Non-linear magnets: sextupole magnets for chromaticity correction
and octupole magnets for Landau damping

Beam-beam interactions: strongly non-linear field
Space charge effects: very important for high intensity beams

non-linear magnetic field imperfections: particularly difficult to
control for super conducting magnets where the field quality is
entirely determined by the coil winding accuracy
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From Gauss law of magnetostatics, a vector potential exist

V:-B=0 — JdA: B=VXxA
B Assuming a 2D field in x and y, the vector potential has only one
component A,. The Ampere’s law in vacuum (inside the beam pipe)

VxB=0 — dV: B=-VV

B Using the previous equations, the relations between field components
and potentials are

ov  0A oV 0A
B, =——= -, B,=——=—-—"=

Ox Oy oy aa:y
s i.e. Riemann conditions of an analytic function 4 iron
5 There exist a complex potential of z = x+iy with a r.
£ power series expansion convergent in a circle with ¥
¢ radius |z| = r, (distance from iron yoke)
E Az +1iy) = As(z,y) + iV (z,y) = Zﬁn —Z n i) (T +y)"

n=1
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By +iB, =107*By » (b}, —ial,)(

X

B From the complex potential we can derive the fields

0 e
B, +1B, = — (9:C(A (x,y) +iV(z,y)) Zn n i ) (2 +dy)"
B Setting b, = —n\,, a, =nu,
O
: : : 1
B, +iB, = g (bp, — ta,)(x +1y)"
n=1
B Define normalized coefficients
b a
b/ — n n—1 = n n—1
T 10748, 0 " T 10-4B, ©
on a reference radius r,, 10 of the main field to get

T+ 1y
ro

)n
n=1

B Note: n’=n-1 is the US convention ;
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*Periodic delta function

6 (S SO) { otherwise féL (S B SO )dS - 1

*Equation of motion for a single perturbation in the storage ring

ddlfg(zs) - wou(s) = 0L(s — s0)lF(u(s), s)

*Expanding in Fourier series the delta function
d?u(s) 5 S

[
T Fwiu(s) = e ZCOS(Q?TTTLE)F(”LL(S), s)

m
Infinite number of driving frequencies!!!

for ‘s’ =S,

*Recall that the driving force can be the result of any multi-pole
3o

By +iBy = Y (bn —iay)(z +iy)" !

n=1
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X

*Equations of motion (u = x or y) including all multi-pole errors
d?u(s)
ds?
Ny TNy <N,M
*Solved with perturbation theory approach
u:uo—i—eu1—1—62u2—|—... with
uo(s) = ug cos(2nQs/C + ¢g) and wy = QgQ

d?uy (s _ 2ms
*At first order d;( ) 4 WZus(s) = ¢ D A mymcos(—5 (W,Qr + 1y Qy +m))

+ wiu(s) =€ Z T A T cos(27rmi)

C

nl,<ng ,n; <Ny
Resonance condition

n Q. —I—n’yQy +m =0

There are resonance lines everywhere !!!




JUAS Choice ¢

X
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*Regions with few
resonances:

/ /
anx - nyQy +m = () 03 Qy | Qth 4th & 8th l[lth 7th

*Avoid low order

resonances 028 |

«< 12% order for a proton
beam without damping

o< 31d & 5th grder for
electron beams with
damping

0.26

0.24

*Close to coupling

' Tesonances: regions

without low order -
02 -

resonances but relatively 0.2 02 0.24 026 028 03
small! Qx

10

0.22
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JUAS Example: SN
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SNS Tune Space
~T% 1 1.7 Tunability: 1 unitin
Y A

1 L |
PR ¢ 5 I . k- -
68 - . ‘\_\ _T~-’ . f{,\.:-"l" ,”,-' ROt . . . .
ed. bt 7 o 1 horizontal, 3 units in vertical
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,,’J:f- :’- —eemT : - 3 ’ 'L‘ - "‘:-:\.\;\
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P NN S rr] TIPS AL Mgt — Structural resonances (u
& 58 - NN -~ mo ~ 4 | .- s -
J \‘\\l/,ﬂ_:::-::;,\\:,:::f'\_‘/_,_:h{l_,s)
£ s6 [~ TmsnE AR TR to 4th order)
— -y S . — —
w.g saf w7/ . —»1 —Allother resonances (up to
2T :’:':J'. _____ IR
%g 52 r -7 "_,-’\”i__:,\’—\-’ ““7’--.5\ i‘"z’]\/ :;‘ 7 3l'd Ol‘del')
g P N I . - T P
< 42T - o, N P I I Tt e ALy
g S \\_‘:\::\“—NJ-?«)’T\ @,}y R E E—" ':__;:,,
N R “r-l N \F =T - R ° ° °
2 N I AR L I S B Working points considered
[SEIIIIT ISR oo TETGRTT I T i
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E i 5 < | .- \\\‘::-—\_l_‘ ,_\I‘_\_‘\__~ |
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z Horizontal Tune 11
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S
*Consider a thin sextupole perturbation ~ F'(,S) = d(s — s¢)l 5:19(2)

*Equations of motion

d?z1(s) 5 5 Sl S
T3 + wix1(s) = T0 50 Z COS(Qﬂ'mE)

With  Zo(S) = o cos(wps + ¢o)

*The equation 1s written

A’z (s Sl S Sl
d;( ) +w8x1(s) AQZCOS 27rm0) A2 Zcos 2(m + 2Q ;) — )
*Resonance conditions Qw + m = Q é@ - +m = ()J
intéger third iflteger

*No exact solution

*Need numerical tools to integrate equations of motion

12
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*Record the particle coordinates at one

location (BPM) X'/ wy
*Unperturbed motion lies on a circle (simple ><<A.
rotation) y 1,
*Resonance is described by fixed points /(J x
—
*For a sextupole IS >
Az’ = %F(s)ds — Az’ = 7x2 X
*The particle does not lie on a circle!
*The change of tune per turnis ~ AQ o< z*
s X'/, s X'/, s X',
3
A¢tul’7’l
¢ < « w0,/ |
R 2 I \
R-+HA 13




*Small amplitude, regular motion

«Large amplitude, instability, chaotic
motion and particle loss

*Separatrix: barrier between stable

and unstable motion (location of

unstable fixed points)
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: Octupole

X
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O first order terms:

e 2 chromaticities ¢, ¢,
e 2 off-momentum resonances —dp/dé — £2) = 92Q/06?
e 2 terms — Integer resonances ().,
e | term — 37 integer resonances 3().,.
e 2 terms — coupling resonances (), & 2¢),
13 second order terms:
e 3 tune shifts with amplitude: 0Q),/0.J,., 0Q,/0J, = 0Q,/0J,. 0Q,/0J,
e 8 terms — octupole like resonances: 4¢)., 20, = 20),, 40, 20),.. 20},
e 2 second order chromaticities: 02, / )62 and 82Qy /06 2
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B Keep chromaticity sextupole strength low

B Include sextupoles in quadrupoles for more flexibility
B Try an interleaved sextupole scheme (-1 transformer)
B Choose working point far from systematic resonances

MIterate between linear and non-linear lattice
Y [mm]

/ ) - Physical Aperture
\ (beampipe)

_—e— e = .
—-—

i Dynamic aperture:

| . only chromaticity correction
| (2 sextupole families)

1st and 2nd order optimization
(9 sextupole families)

~___required for injection

-—_— e e
=

16




JUAS

Joint Universities Accelerator School D ’ na‘

Dynamic aperture tracking for on momentum particles (left) and for
dp/p = -0.02 (right), without (blue) and with (red) chromatic sextupoles

1000 600

- DA for on momentum particles DA for 5p/p=-0.02
; . 500 1
5 with sextupoles ‘ =
& 900 g
1o
£ E 400 with sextupoles
£ 850 g =)
€ 3
B 800 - E 300 -
] without sextupoles | [
g 750 4 - g without sextupoles
2 & 200+ =
= B e e S fmmmmm e e e =
£ 700 £ ;
w T Physical Aperture (dp/p=10.02)
650 1
600 T T T T T T T T T | 0 T T T T T T T T T |
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
8)(/(*;)("'*;y) 8x/(sx"'ey)

* Drop of the DA without chromatic sextupoles in both cases
* Unacceptable drop below physical aperture for dp/p = -0.02 (right)
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- Up to now we considered only
transverse fields

* Magnet fringe field 1s the
longitudinal dependence of the
field at the magnet edges

 Important when magnet aspect
ratios and/or emittances are big
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JUAS Dipole fri

Using the general z-dependent field expansion, for a straight dipole:

( 1 m 2n—|—1y2m—|—1 [21]

B = Z Z (2n—|—1)‘(2m—|—1)'( )b2n+2m+2—21

m,n=0 [=0
B 0 m ( mmZny2m [21]
Bu= 2 (2n)!(2m)! <z)b2n+2m—2l
m,n=0 [=

Bz_

0
m m 2n 2m—+1
=0

Y ( ) [21+1]
'(2m+1)' 2n+2m—21

|
:Mg

and to leading order:

o
8
I

bey+O(4)
By = by — 26[2] 2 4 b (22 — y?) + O(4)
B. = yb1+0(3)

Dipole fringe to leading order gives a sextupole-like effect (vertical
chromaticity)

@]

19
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JUAS Quadr

celerator School

General field expansion for a quadrupole magnet:

o0 ( 1)mx2n 2m-+1 my | j21]
B, — .
mzn;o; (2n)!(2m + 1)! (z) 2n+2m+1—21
Z Z (—1)mg2n+ly2m ( )b[zl]
m,n=0 [=0 (2n + 1)'(2m)' 2n+2m-+1-21
— Z Z (=1)maintiy2mH (m) p20+1]
m,n=0 [=0 (2n + 1)’(277’1, + 1)' [ 2n+2m+1-21

and to leading order

i , ]
B, =y bl—ﬁ(3x2+y2)b[12] + O(5)

' 1
B, = = bl—ﬁ(3y2+x2)b[f] +0(5)

:Byb[ll] +O(4)

Sy
N
I

Non-linear dynamics, JUAS, January 2008

The quadrupole fringe to leading order has an octupole-like effect 2
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The hard-edge Hamiltonian (Forest and Milutinovic 1988)

+Q

H: =
I 12Bo(1+ °2)

(ygpy — :ngm + 3$2’£le — 392332990)»

First order tune spread for an octupole:

vy | @hh  Chv 2Jy
51/y Cl,hv Ayv 2Jy ,
where the normalized anharmonicities are

Z TQiBri0zi,

a
nh 167er

Ay

16773/0 Zz: +Qi(Baiayi — Byioai),

1
= E Qi Byi Oty
" T T6rBp & Qibyicy N

Non-linear dynamics, JUAS, January 2008



JUAS Quadrupole

5.84_— Qy

Tune footprint |
for the SNS  5.83}
based on hard-
edge (red) and
realistic (blue)
quadrupole
fringe-field

5.82¢}
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Quasi-periodic approximation through NAFF 1wkt
algorithm j(t) — Z aj Tk

of a complex phase space function fj (t) = q; (t) + 1P (t)
defined over t = T,
for each degree of freedom 17 =1,...,n with Wik = kj - W

and G/j,k == Aj,kequj’k

Advantages of NAFF:

a) Very accurate representatlon of the “signal” f; J (t) (if quasi-periodic)
and thus of the amplitudes %j,k

b) Determination of frequency vector W = 27V = 27(vy, V2, ...,Un)
1
with high precision — for Hanning Filter
T

23



JUAS Building

Joint Universities Accelerator School

B Choose coordinates (x;, y;) with p, and p,=0

B Numerically integrate the phase trajectories through the lattice for sufficient
number of turns

B Compute through NAFF Q, and Q, after sufficient number of turns

BPlot them in the tune diagram

()IIIIIIIIIIIIIIIIIII 8'17: llfllll

i | % 3
8 | o N
i i 8,17 = —

7_ _—

6 ¥ 3 — §,168 — —
© i ] s J
§ 5 = *7
b ¥ ‘ MAP Moo = -
g N4 - > = '
% 3 = b =
2 3 -*2 ] 8,164 — =:"9.F > =
S e "o 4
8‘ 2= —’///— 1
= - *5 = ) .
g i i 8,162 *6 ~)
& *3
< % i - g
—
; OF %1 %4 %6 *7 - ool E L
E gl ety Ty By T B AR A
> 4 0 i 23 458 7 % o WFY W 0W W 0 0

¢ Vx



JUAS Aspects ©
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©

» Construction of frequency map - Determination of tune diffusion vector
R™ — R"

qlp=p, — V Dli=r = Vlte(0,r/2] ~ Vlte(r/2.7]

PR =140 / N\ RN \“n.\
0.318 | R S S R \ T H : T
[ e N X} / 8.18 3 ™ I ] n r n f ff n m
o E e N . s+ | and constructi iffusi
0316 oo Vo / el
. \ S \ N PRI
2 P \ . + +¢§+ #rE |
0314 | o 13160 . i / Ot £+’:'+’ff*}+ ;* P
P w550 Sree 2] - Y ot e -
2 o+ lost orbit o };,’ 8.16 \ H?‘w_ ‘Fj#ff'*i n % n
> : LI / \ i
F oosn2f ey A \ ;+¥3N{: .
o] / \ Ao EAs
S Ve A T .
= < \ o Rt v SN
S 0310 f--""5~ X s B RS ~ —_— —
S os0. - 814 | TN g TAA S . p_ p 0
P hvd +1§.ﬁ,’:“‘+¢, Fy AN
0.308 P “}* =
A u + ",
*f ¢ :& ++ \\
+ . + + t+ .
» wEF, 0t
0.306 8.12 A " Ty 1
+ o+ e e
Lo Vile AT W
0.304 el P S + I+ . o
0274 0276 0278 0280 0.282

Horizontal Tur?eéé4 B 8.10 ++/.+——. ‘ . . (@ SPS Measurements

S Bartolini et al. PAC99 s},
S LHC Simulations ALS Measurements oy ' ‘ ‘ i
5 Papaphilippou PAC99 Robin et al. PRL2000 )

- Determination of resonance driving ~ { :
gterms associated with amplitudes @ 1. i ™| 2

Bengtsson PhD thesis CERN88-05 7 | | U e
’ Amph‘stude [mm] at ht:r?zontal betaor:(t—))O[m] * ' : ' Hor?zom:l Po;ﬁion 1(26) tr

LHC Simulations

Papaphilippou PAC99
25
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JUAS Frequency
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14.50

B AIll dynamics represented in these
two plots 14.45

B Regular motion represented by
blue colors (close to zero amplitude -7, 4 L
particles or working point)

14.35

36.25 3630 3635 3640 36.45 36.50 3655 36.60

0.008 | . . . Vv,
R .

S B Resonances appear as distorted

> . .

g 0006 1 lines in frequency space (or curves

(= . o e e o

=2 in 1nitial condition space

9))

< R - . . .

> Eoon B Chaotic motion is represented by

g " red scattered particles and defines

(o] . .

£ 0o02f 1 dynamic aperture of the machine

5

£

g 0.000 » = Julrter e T Hiselh (1 Il 4 s

2 -0.040 -0.020 0.000 0.020 .

X (mm)



JUAS Example for t
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B Integrate a large number of particles

. . . 0 2
B Calculate the tune with refined Fourier o R — R
7- .
analysis Lo Iy)lpspy=0s  —  (Va, 1)
B Plot points to tune space o128 405
. ° _ T T T
SNS Working Point (Qx,Qy)—(6.4,6.3)
;‘
Op/p=[2%,-2%)] @ 480 T mm mrad '
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< > I 1“ 1y 0.06 .
2 | I | T e 1071 < |D| <1077
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- y S R YR e 107 <D
(= | \‘\3) ll 3 <1 =
>~ | S~ \ ~1 2
el ~l 1T~ \ ;= 7] z
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Horizontal Tune

Horizontal Position [m]



JUAS SNS Working

Sp/p=0 @ 480 T mm mrad op/p=0
0.08 F ' ' ' T ' T - n

. [ ]
| i
4 !8

0.04

5.26

»n
%}
n

@ 0000 SUNNNS TN &N

40 aNNDOEHNUN J
000 000 © ¢ CHNGINE SN CIRN

Cee® GCCLUIID SN MW e (il
0000 & & G000 6 ¢ &AM G W

0.02 | 808 COI0 0 S TED  EIMNETEE T

Vertical Tune
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e . _ D
Tune Diffusion quality factor |Dor = ( 3 2 \1/2 )R
(Lo + 5()) B

Working point comparison (no sextupoles)

L}
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5
Momentum spread [%]

0.014 -
oors - A (6.23,5.24)
% <>(6.4,6.3)
S 0.01 1
=
.E
, Z 0008
s b=
= = -
: g 1006 /\ 0 (6.3,5.8)
3 = 0.004 +——
S
: 0.002 -
£
o
— 0 L}
£
E
Z.
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