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C
lassicalperturbation

theory
(cont.)

T
he

new
H

am
iltonianis:

�V� þ÷
Y þù Y É� �
V�ø÷
� þ÷
� þù� Yù� þ÷
� þù� Y É� f �

Üýº� þ÷
Y þù Y É�

Ü É

f û
� � �
�

E
xpandterm

by
term

the
old

H
am

iltonianto
leadingorderin� :

V�� ÷
� þ÷
� þù� � �
V�� þ÷
� f �

Ü V�� þ÷
�

Ü þ÷

Üýº� þ÷
Y þù Y É�

Ü þù

f û
� � �
�

� Vº�ø÷
� þ÷
� þù� Yù� þ÷
� þù� Y É� �� Vº� þ÷
Y þù� f û
� � �
�

E
quatingthe

term
sofequalorderin� ,w

e
getin

zero
order �#U ,

#U$ ��+

and
in

firstorder:

�Vº �
Üýº� þ÷
Y þù Y É�

Ü É

f �� þ÷
� Ó

Üýº� þ÷
Y þù Y É�

Ü þù

f Vº� þ÷
Y þù�

w
ith�� þ÷
� �

Ü V�� þ÷
�

Ü þ÷

the
unperturbedfrequency

vector.
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C
lassicalperturbation

theory
(cont.)

N
ew

H
am

iltonianshouldbe
a

function
of þ÷

only ��

elim
inate þù

¯

�

A
veragepart:� Vº	�
� �

£
º

�
Ã ¥ �
 Vº� þ÷
Y þù��� þù

�

O
scillating

part:� Vº� �
Vº b
� Vº	�
�

U
sing

the
previous

equations, �Vº
becom

es

�Vº �
Üýº� þ÷
Y þù Y É�

Ü É

f �� þ÷
� Ó

Üýº� þ÷
Y þù Y É�

Ü þù

f� Vº� þ÷
Y þù�	�
� f� Vº� þ÷
Y þù�� ¬
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C
lassicalperturbation

theory
(cont.)

C
hooseýº

so
that þù

dependenceis
elim

inated:

�Vº� þ÷
� �
� Vº� þ÷
Y þù�	�
�

and

Üýº� þ÷
Y þù Y É�

Ü É

f �� þ÷
� Ó

Üýº� þ÷
Y þù Y É�

Ü þù
�
b

� Vº� þ÷
Y þù�� Y

N
ew

H
am

iltonianis
a

function
ofthe

new
actionsonly

to
leadingorder!!!

�V� þ÷
� �
V�� þ÷
� f �
� Vº� þ÷
Y þù�	�
� f û
� � �
� Y

w
ith

the
new

frequency
vector

þ�� þ÷
� �

Ü �V� þ÷
�

Ü þ÷
�
�� þ÷
� f �

Ü� Vº� þ÷
Y þù�	�
�

Ü þ÷

f û
� � �
� ¬
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C
lassicalperturbation

theory
(cont.)

B
U

T
can

w
e

find
an

appropriategeneratingfunctionýº ?

¯

E
xpandin

Fourierseries

� Vº� þ÷
Y þù�� �

�­� Vº�� þ÷
� !��m � � 
� »� �nY

w
ith� � �� ,

�I �� I 6
ppp6
�õ �� õ .and

also

ýº� þ÷
Y þù Y É� �

�­� ýº�� þ÷
� ! �m � � 
� »� �n¬

T
he

unknow
n

am
plitudesýºï� þ÷

� are:

ýºï� þ÷
� �à

Vºï� þ÷
�

�! 
�� þ÷
� f`

w
ith

�Y`
" �#
Y

and
finallyý� þ÷

Y þù� � þ÷ Ó þù f �à
�$ â%

Vº�� þú
�

�! 
�� þ÷
� f`

! �m � � 
� »� �nf û
� � �
� ¬
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C
lassicalperturbation

theory
(cont.)

�
R

em
arks

1)W
hatabouthigherorders?

In
principle,the

techniquew
orks

for
arbitraryorder,but

variables

disentanglingbecom
esdifficult(even

for
2nd

order!!!)

¯

S
olution ��

Lie
transform

ations

(A
pplication

in
beam

dynam
icsby

D
ragtand

F
inn

(1976))

2)W
hataboutsm

alldenom
inators?

R
esonances�  

�� þ÷
� f` �
§

¯

S
olution ��

S
uper-convergentperturbationtechniques-

K
A

M
theory

(K
olm

ogorov
(1957),A

rnold
(1962)and

M
oser(1962))
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A
pplication

to
the

acceleratorH
am

iltonian
(H

agedorn(1957),S
choch(1957),G

uignard(1976,1978))

�

T
he

generalacceleratorH
am

iltonian:

y X� ÇaYÈÇg YÆ aYÆg � �
V�� ÇaYÈÇg � f Vº� ÇaYÈÇg YÆ aYÆg �

T
he

transversevariable:

|� ~
� �

Ça� a� ~
�

�
& ! �m ' �

m hn » ��
m hnnf ! æ�m ' �
m hn » ��
m hnn(

and
the

equivalent�

.
T

he
H

am
iltonianin

action-anglevariables:

y X� ÇaYÈÇg YÆ aYÆg � �
V�� ÇaYÈÇg � f Vº� ÇaYÈÇg YÆ aYÆg �

�

T
he

integrablepart)� *,+�
¹ +� - . �/ * 0� +�
10
� +� -

�

T
he

perturbation

)� * +�
¹ +� ¹2� ¹2� 3 4- .
56

�
¹ 6� +

6�7 ½
�
+
6� 7 ½�
6�58 6�59;:8 ¹ 6¹ 9¹ < * 4->=
?@* 8BA6- 2� 1* 9 A<- 2� C

�

T
he

coefficients

:8 ¹ 6¹ 9¹ < * 4- .
D6� ¹ 6� * 4-

½
8 1 61 91 <

½

E 6�8 F
E 6�9 F G 6�7 ½
�
* 4- G 6� 7 ½�
* 4- =
?@* 8BA6->H�* 4- 1* 9 A<- H
� * 4-C

�

T
he

indexesI Y �YKJY �

:�a �
I f �

and�g �
Jf �

.
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term
s

C
oefficientsð

ï�­ ï� ��~
� are

periodicinL ��

expandin
Fourierseries

Vº� ÇaYÈÇg YÆ aYÆg M ~
� �

ï�­ ï� Ç ï�N �a
Ç ï� N �g

ï�O
ï�P
á� â æ

á QO ­ ï­ P­ RS� ! �T m O æïn ' �
»m P æRn '� æ� 4/ U

w
ith

the
resonancedriving

term
s

:8 ¹ 6¹ 9¹ <3V
.W 6�8YX

W 6�9 X

�

½
8 1 61 91 <

½

�
½
Z [
D6� ¹ 6� * 4- G 6�7 ½
�
* 4- G 6� 7 ½�
* 4->=
?@* 8BA6->H�* 4- 1* 9 A<->H
� * 4- 1V 4/ C

Força �
I b
�

andçg �
J b�

w
e

have
the

resonanceconditions

çaÂ a f çg Âg �`

.

G
oalofacceleratordesignand

correctionsystem
s ��

m
inim

izeQO ­ ï­ P­ RS�

by�

C
hangem

agnetdesignso
thatðï�­ ï� � ~

� becom
esm

aller

�

Introducem
agneticelem

entscapableofcreatinga
cancellingeffect

Y
annisPapaphilippou

page39



Introductionto
A

cceleratorD
ynam

ics

Tune-shiftand
spread

F
irstordercorrectionto

the
tunes ��

derivativesw
ith

respectto
the

action
ofaveragepartof Vº .Fora

given
termð

ï�­ ï� � ~
� | ï�� ï�:

¦Â a �
Ç ï�N � æ
º

a
Ç ï� N �g



� �

ï�O
ï�P �QO ­ ï­ P­ R

! �T m O æïn ' �
»m P æRn '� U

¦Âg �
Ç ï�N �a
Ç ï� N � æ
º

g


� �

ï�O
ï�P �QO ­ ï­ P­ R

! �T m O æïn ' �
»m P æRn '� U

w
here �QO ­ ï­ P­ R

the
averageofQO ­ ï­ P­ R��~

� aroundthe
ring.

�

R
em

arks

�

If¦Â a­g

independentofÇa­g ��
tune-shift

�

If¦Â a­g

dependsonÇa­g ��

tune-spread(oram
plitudedetuning)

�¦Â a­g �
§

for�a �
I f �

or�g �
Jf �

odd ��
go

to
higherorder

�

Leadingordertune-shift ��

im
pactoferrorsand

non-lineareffects
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T
he

single
resonancetreatm

ent
G

eneraltw
o

dim
ensionalH

am
iltonian:

V�øú
Yù� �
V�� ú
� f \ Vº� ú
Yù�

w
ith

the
perturbedpartperiodicin

angles:
Vº�øú
Yù� �

ï�­ ï� Vï�­ ï½ � ÇºYÈÇ�
��]^_Ê à� �ºü º f ��ü ��Í

R
esonanceçº `º f ç� `� �

§ ��

blow
up

the
solution

¯
C

anonicaltransform
ationV

II:�øú
Yù� © b
«� ìú
Y ¢ù� elim

inateone
action:

ab� ìú
Yù� �
� çºü º b
ç�ü �� ¢Çº fü �
¢Ç�

T
he

transform
edH

am
iltonian

¢V� ìú
Y ¢ù� �

¢V�� ìú
� f \ ¢Vº� ìú
Y ¢ù�

antthe
perturbation

¢Vº� ìú
Y ¢ù� �
cï�­ ï½ Vï�­ ï½ � ìú
��]^_d ��� Ê �º ¢ü º f� �º ç�
f �� çº� ¢ü ºÍe
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T
he

single
resonancetreatm

ent(cont.)
R

elationsbetw
eenthe

variables

Çº �
çº ¢Çº
Y
Ç� �
¢Ç� b

ç�
¢Çº

¢ü º �
çºü º b
ç�ü �
Y
¢ü � �

ü �

¬

T
ransform

ationto
a

rotating
fram

e
w

here f¢ü º �
çº fü º b
ç�
fü �

m
easures

deviation
from

resonance.

A
verageoverthe

“slow
”

angle ¢ü � �
ü �

�V� ìú
Y ¢ù� �

�V�� ìú
� f \ �Vº� ìú
Y ¢ü º�

w
ith

�V�� ìú
� �

¢V�� ìú
� and

�Vº� ìú
Y ¢ü º� �
� ¢Vº� ìú
Y ¢ü º�	hgi ½ �
c » á� â æ
á V æ� ��­� �½ � ìú
��]^_� bà`
¢ü º�

T
he

averagingelim
inatedone

angleand
thus ¢Ç� �

Ç�
f Çº �½��

is
an

invariantofm
otion.
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T
he

single
resonancetreatm

ent(cont.)
A

ssum
edom

inantFourierharm
onicsfor` �

§YYj k

�V� ìú
Y ¢É
º� �

�V�� ìú
� f \ �V�­ �� ìú
� f �\ �V��­ æ�½ � ìú
��±²
³ ¢ü º

Introduceö ¢Çº �
¢Çº b
¢Çº�

m
oving

referenceon
fixed

pointand
expand

�V� ìú
� aroundit�

H
am

iltoniandescribingm
otion

neara
resonance:

�Vb� ö ¢ÇºY ¢É
º� �
Ü �
�V�� ìú

�
Ü ¢Ç �º

kkkk gl� â gl�� � ö ¢Çº� ��
f �\ �V��­ æ�½ � ìú
� ±²
³ ¢ü º

M
otion

neara
typicalresonanceis

lik
e

thatofthe
pendulum

!!!

T
he

libration
frequency

¢`º �
�\ �V��­ æ�½ � ìú
� Ü �

�V�� ìú
�

Ü ¢Ç �º
kkkk gl� â gl��
ºN �

T
he

resonancehalfw
idth

ö ¢ÇºRm
a �
� nooop �\ �V��­ æ�½ � ìú
�

q ½
rs�mutvn

q gl ½�
kkkk gl� â gl�� wxxxy ºN{z

Y
annisPapaphilippou

page43



Introductionto
A

cceleratorD
ynam

ics

R
esonanceoverlap

criterion

(C
hirikov

(1960,1979)C
ontopoulos(1966))

W
hen

perturbationgrow
s |}

w
idth

ofresonanceisland
grow

s.

~

Tw
o

resonantislandsoverlap |}

orbits
diffuse

throughthe
resonances.

D
istancebetw

eentw
o

resonances
���Ç��� ��� �

��
��� � ����

����� � ���� �

����� � � rs�� tv�
���� ��

���� ����� ���� �����

w
e

geta
sim

ple
resonanceoverlap

criterion� �Ç��
�� �
� �Ç� ��
��
¡ �¢�Ç�� � �

C
onsideringw

idth
ofchaoticlayerand

secondaryislands,w
e

have
the

“tw
o

thirds”rule� �Ç��
�� �
� �Ç����
��
¡ z£ � �Ç�� ���

Lim
itation:geom

etricalnature |}

difficultto
extend

in
system

sw
ith

¤¡!¥
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S
ingle

resonancetheory
for

the
acceleratorH

am
iltonian

(H
agedorn(1957),S

choch(1957),G
uignard(1976,1978))

T
he

single
resonanceacceleratorH

am
iltonian

¦§ Ç�¨ÈÇ© ¨ª �¨ª© ¨K«¬ �
­® § ¯ � Ç� �

¯© Ç© ¬

�
° �±� �² �® Ç ³

±�� Ç ³
²�©

´µ¶
§ ¤�ª � �
¤© ª© �
ª · �
¸ «® ¬

w
ith° �±� �²º¹¼»

½��
°¾ � ¿� À� �ÁÂ
.

F
rom

the
generatingfunction

ÃÄ§ ª �¨ª© ¨ �Ç�¨ �Ç© ¨K«¬ �
§ ¤�ª � �
¤© ª© �
¸ «® ¬ �Ç� �
ª© �Ç©

w
e

getthe
H

am
iltonian

�¦§ �Ç�¨ �Ç© ¨ª �¬ �
§ ¤�¯ � �
¤© ¯© �
¸¬ �Ç� �

�Ç©

®

�
° �±� �² �® § ¤� �Ç�¬ ³

±�§ ¤© �Ç� �
�Ç© ¬ ³
²�´µ¶

§ �ª � �
ª ·¬
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R
esonancew

idths
T

he
tw

o
invariantsare

the
new

action
and

H
am

iltonian.In
the

old
variables:Å� �

Ç�¤� �
Ç©¤©

Åz �
§ ¯ � �

¸
¤� �
¤© ¬ Ç� �
§ ¯© �

¸
¤� �
¤© ¬ Ç©

�
�° �±� �² Ç ³

±�� Ç ³
²�©

´µ¶
§ ¤�ª � �
¤© ª© �
ª · �
¸ «® ¬�Æ

¤�

,¤©

w
ith

oppositesign
(difference

resonances) |}

boundedm
otion

¤�

,¤©

w
ith

sam
esign

(sum
resonances) |}

unboundedm
otion

ÇÇÇ

theseare
firstorderperturbationtheoryconsiderations ÇÇÇ

D
istancefrom

the
resonance¹ �

¤�¯ � �
¤© ¯© �
¸ |}

resonance
stop

band
w

idth
:

�¹ �
° �±� �²

®
Ç ³

±ÉÈ��
�
Ç ³

² È��©
§�Ê� ¤� Ç� �
Ê© ¤© Ç© ¬
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T
he

choiceofthe
w

orking
point

D
uring

design,im
poseperiodicstructurestrongerthan

1

R
esonancecondition¤�¯ � �

¤© ¯© �
¸ �
Ë Ì

,w
ithË

the

super-periodicity

If¸ �
Ë Ì
|}

structuralorsystem
atic

resonances

If¸Í
�
Ë Ì
|}

non-structuralorrandom

M
ajordesignpointsfor

high-intensityrings:

Î

C
hoosethe

w
orking

pointfarfrom
structuralresonances

Î

P
reventthe

breakofthe
lattice

super-sym
m

etry
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T
he

choiceofthe
w

orking
point(cont.)

5.95

Ï

6.05

Ð

6.15Ñ

6.25

Ò

6.35

Ó

6.45

Ô
H

orizontal T
une

Õ

5.95

6.05

6.15

6.25

6.35

6.45

Vertical TuneÖ
(1,0)
×

(0,1)

(2,0)
×(1,1)

Ø

(1,−1)

Ù(0,2)

(3,0)
×

(3,0)
×

(2,1)

(2,1)

(2,−1)

Ú
(1,2)

Û

(1,2)

Û

(1,−2)

(0,3)

(0,3)

(4,0)
×

(4,0)
×

(3,1)

(3,1)

(3,−1)
Ü

(3,−1)
Ü

(2,2)
Ø(2,2)

Ø

(2,−2)

Ù
(1,3)(1,3)

(1,−3)

(1,−3)

(0,4)

(0,4)

6Ý
6.1

6.2
6.3

6.4
6.5

6.6
6.7

6.8
6.9

7Þ

H
orizontal T

une

Õ

4

4.2

4.4

4.6

4.8 5

5.2

5.4

5.6

5.8 6

6.2

6.4

6.6

6.8 7

Vertical TuneÖ

(1,1)

ß

(0,2)

(3,0)
× (2,1)

à

(2,−1)

á

(1,2)

(1,2)

(1,−2)

(0,3)

(0,3)

(3,1)

â

(2,2)

ß

(2,−2)

(1,3)

(1,3)

F
igure

12:
T

une
spacesfor

a
lattice

w
ith

super-period
four.T

he
red

lines
are

the
structural

resonancesand
the

black
are

the
non-structural(up

to
4th

order).
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S
ym

plecticM
aps

ã, äã

tw
o

setsofcanonicalvariables

T
ransform

ationfrom

ã

to äã |}

M
appingå

å
æã çè äã

T
he

Jacobianm
atrix é �

é§ ã¨Kê¬ is é»
¾ìë
� ríî

� íï

å

Sym
plectic

if éñð
Ç
é �
Ç

w
hereÇ �

òó
ô
õ

�
õ
ô ö÷

å

sym
plectic |}

ø�ùú»¨ ùú¾ û �
ø ú»¨ ú¾ û �
Ç»
¾

ü

S
ym

plecticm
apspreserve

the
P

oissonbrackets
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Lie
F

orm
alism

P
oissonbracketsproperties:

ø�ýþ �
ÿ° ¨��û �
ýø þ ¨ �û �
ÿø ° ¨��û ¨ ý¨ ÿ� �

ø þ ¨°û �
�

ø ° ¨þû

ø þ ¨ø ° ¨ �ûû �
ø ° ¨ø �¨þûû �
ø �¨ø þ ¨°ûû �
�

ø þ ¨° �û �
ø þ ¨°û ��
°ø þ ¨ �û

S
etoffunctionsof§ �¨�¨��¬ |}

linearvectorspace

ü
P

oissonbracketL
ie

A
lgebra

Lie
O

perator æþ æ

æþ æ° �
ø þ ¨°û

and æþ æ	�° �
ø þ ¨ø þ ¨°ûû

,etc.
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Lie
F

orm
alism

(cont.)
Fora

H
am

iltoniansystem¦§ ã¨Kê¬ :


 ã
ê �
ø ¦¨ ãû �
æ¦
æã

and
the

solutionã§ ê¬ w
ithã§ �¬ �

ã·

can
be

obtainedform
ally
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ã§ ê¬ �
�¿ �· ê ¿æ¦

æ ¿
Ê �
ã· �
¹ 
 �s�ã·
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¹ �s�

a
sym

plecticm
ap.
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C
am

pbell-B
aker-H

ausdorfftheorem
ensuresthat

¹ � �¹ 
 ��
¹ �

����

and�

realm
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s,tsufficiently
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all.

In
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acceleratorthe
one

turn
m

ap�

m
appingthe
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ritten
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å �
¹ �� � �¹ ��� �¹ �� � �ÆÆÆ

w
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ogeneouspolynom

ialsofdegreeË
inú�¨ ÆÆÆ

¨ ú� .
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å
§ ã¬ w
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§��¨¸ �¨ ¨¸© ¬ � �"!

ã
#
�����
è
ã$�

% È
�'&&(

&&( % È
�

) �����
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),+
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-/.
�01 0-

and1 �
¹ �s�

and- �
¹ �2�.T
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transform
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setofvariablesis

3 �
¹ .�24 �5

w
here�76��© �

8 �Ç��© ¹:9 »
½ ±;²

is
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< 6��© § Ì
¬ �
8 �=��© ¹ 9 »> ±;² �@?�w

ithA ��© § Ì
¬ �
�B Ì
C��© �
A ��©� .W
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ÃÄ �
¾ ¿À�

þ¾ ¿À�< �� ¾< .� ¿< �© À< .© �
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ithD ¨ Ê¨�E¨ Ë� F

and
thus

ÃÄ �
¾ ¿À�

þ¾ ¿À�
§ �=�¬ ï G ³�§ �=© ¬ HG I�¹ .»>ï ³HI
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em
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¤M
NOP

´µ¶ Q

andL© �
¤M
NOP ¶ R

SQ
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resonanceý C� �

ÿT© �
Å

w
e

have:

Ã� �� U� J

¾ ¿À�
¾ � ¿� À� �
V �

¾ � ¿ ��� À� � �U þ¾ ¿À�
L W�� L X�©
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e
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the
contribution
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sup
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order¤
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arbitrarily

setA¾ ¿À� �
� .
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a¸¾ § ê¬ ,form

ed
by

a
pairofconjugate

variablesdeterm
ined

by
usualnum

ericalintegration,for
a

finite
tim

e
spanb@c

d .
R

ecoverthe
frequency

vectore �
§ C�¨ C�¨ ÆÆÆ
¨ C�¬ |}

param
eterizesK

A
M

tori.

Y
annisPapaphilippou

page57



Introductionto
A

cceleratorD
ynam

icsF
requencyM

aps
(cont.)

C
onstructfrequency

m
ap

by
repeatingprocedurefor

setofinitial

conditions.

E
xam

ple:K
eepallthef

variablesconstant,and
explore

the
m

om
entag

to
producethe

m
aphi :

hi æ � �
�
è
� �

gjk �k� �
è
eÆ

D
ynam

icsofthe
system

analyzedby
studyingthe

regularity
ofthe

frequency
m

ap.

Y
annisPapaphilippou

page58



Introductionto
A

cceleratorD
ynam

icsF
requencyM

aps
(cont.)

F.M
.A

is
appliedto

tracking
data Ì

,

þ �¾ § ê¬ �
?¿ �� ý¾ � ¿ ¹ »_

ï ³ 
¨

w
ithþ �¾ § ê¬ ¨ ý¾ � ¿ � `

andD �
­¨ ÆÆÆ
¨ ¤ ,ofa

com
plex

function

þ¾ § ê¬ �
T¾ § ê¬ �
a¸¾ § ê¬ ,form

ed
by

a
pairofconjugate

variablesdeterm
ined

by
usualnum

ericalintegration,for
a

finite
tim

e
spanê �

l .
R

ecoverthe
frequency

vectore �
§ C�¨ C�¨ ÆÆÆ
¨ C�¬ |}

param
eterizesK

A
M

tori.

Y
annisPapaphilippou

page59



Introductionto
A

cceleratorD
ynam

icsF
requencyM

aps
(cont.)

C
onstructfrequency

m
ap

by
repeatingprocedurefor

setofinitial

conditions.

E
xam

ple:K
eepallthef

variablesconstant,and
explore

the
m

om
entag

to
producethe

m
aphi :

hi æ � �
�
è
� �

gjk �k� �
è
eÆ

D
ynam

icsofthe
system

analyzedby
studyingthe

regularity
ofthe

frequency
m

ap.

Y
annisPapaphilippou

page60



Introductionto
A

cceleratorD
ynam

icsF
requencyM

aps
(cont.)

F.M
.A

is
appliedto

tracking
data(l �

m��
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vector:
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