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Introductionto AcceleratoiDynamics

Outline

e Overview of acceleratocomplexes

e Overvien of electro-magnetiacceleratocomponents
e Thesingle-particleelatvistic Hamiltonian

e Linearbetatrommotionandaction-anglevariables
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Outline (cont.)

e Thesingleresonancéreatment

— “Secular”perturbatiortheoryandresonanceverlapcriterion

— Applicationto theacceleratoHamiltonian- Resonancwidths
e Thechoiceof theworking point
e Dynamicaperture
e High-orderperturbatiortheory

— One-Turnacceleratomaps(Lie formalism)
— Normalform construction

— Applicationto the LHC atinjection
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Outline (cont.)

e Frequeng Analysis

— Descriptionof themethod
— Constructiorof frequeng anddiffusionmaps

— Examplel: Applicationto the LHC (correctionbeam/beam
effect)

— Example2: Applicationto the SNS(working point choices)
— Experimentafrequeng maps

— EXxperimentalesonanceriving termsestimation
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Accelerator complexes

e High-enegy accelerators

— Hadroncolliders( . . , LHC,VLHC)
— Leptoncolliders(LEPR, SLC, _ : , TESLA,
NLC, TESLA)

— Muoncollider

e High-intensitybeamaccumulators
— Spallationneutronsourceg , SNS ESS JAERI)
— Neutrinofactories

— Nuclearwastetransmutatioriacilities,enegy amplifiers

e Sychnotronight sourceg . , PS|, _ .
SOLEIL, DIAMOND, FELY9

®Approved, ) ProposedDismantled
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Relativistic Heavy lon Collider complexat BNL
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Figurel: Schematicziew of the RHIC comple.
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RHIC (cont.)

Figure2: Photoof the RHIC tunnelwith thedipolecryomodules.
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Figure3: Aerial view of the TeVatron.
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LargeHadron Collider at CERN
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Figure4: Aerial view of the LHC ring currentlyunderconstructionn the
LEP tunnel.
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Figure5: ISIS acceleratocomple< schematidayout.
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Spallation Neutron Source Complex
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Figure6: SNSacceleratocomplex schematidayout.
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Accelerator electro-magneticcomponents

e Main elements
— Dipoles— Bendingof thebeam
— Quadrupoles—; (De)Focusingof thebeam
— Sextupoles—> Chromaticitycorrection
— Octupoles— Lineartune-shiftwith amplitude
— RF cavities — Accelerationjongitudinalphase-space
manipulation

e Otherelements
— Kickers— Injection,extraction

— Solenoids—> Helicaltrajectoriesglectroncloudremoval
— Wigglers— Sychnotrorradiation,emittancananipulation
— Skew quadrupoles— Linearcouplingof transwersemotion

— Correction(normal/slew) N-poles— Correctionschemes
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SNShalf-cell assembly

3 ,___umw\

Figure7. SNShalf-cellassemblyschematidayout, with the maindipole,
chromaticity sextupole, quadrupoleand dipole/slew-quadrupole/shv-
sextupolecorrector
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SNSdipole

Figure8: SNS17D120dipole magnetprototype
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SNScorrector

—

Figure9: SNScorrectormagnetprototype,with dipole, skew quadrupole
andskew sextupolecomponents.
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LHC Dipole

Beam Pipe
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Figurel0: Schematidayoutof the LHC maindipolecryomodule
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LHC Dipole (cont.)

Figurell: Photoof the LHC maindipole prototype
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Non-linear dynamicsstudiesin accelerators

Acceleratordesignfocuseson high performance
e Colliders— Luminosity (numberof events/second)
L = N2kyvy/(4me, 5*), With N thenumberof particles x, thenumber
of bunchesy = E/(moc?) therelatwvistic factor ¢, thenormalized
emittancqareaof thebeam),s* betatrorfunctionattheinteraction
point (oscillationamplitudeof the beam)

e High-intensitymachines— Averagebeampower P = IE = fy NeE,
with 1 theaveragecurrent
Non-lineareffectslimit theperformance— beamloss

e Colliders— Reducedifetime
¢ High-intensitymachines— Radio-actvation

!

|dentificationof non-linearitiesandcorrection
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Non-linear effectsin accelerators

e Single-Rurticleeffects
— Errorsin magneidesign(geometric systematicrandom)

— Magnetfringe-fields

— Magnetmisalignmentsndrolls

— Groundmotion

— Powersupplies’ripple

— Beam-beaneffect (weak-strongapproximation)

— Incoherenspace-cha@reforce(particlecoremodel)

e Multi-particle effects
— Beam-beaneffect (strong-stron@gpproximation)

— Coherenspace-chare effect

— Wall effects- wake fields (impedances)

— Particlescattering Touscheleffect,intra-beanscattering)
— Othercollectve instabilities(head-tail electroncloud, etc.)

YannisPapaphilippou pagel9



Introductionto AcceleratoiDynamics BROOKHFVEN

NATIONAL LABORATORY

The single-particlerelativistic Hamiltonian

2
H(x,p,t) = m/\AU - mkPOp ﬂvv + m?c? 4+ e®(x,t)
C
e x = (z,y, z) Cartesiarpositions
e p = (p:, Py, P-) CONjugAteMomenta
e A =(A4,,4,, A,)themagneticvectorpotential
o P theelectricscalarpotential

e c ande velocity of light andparticlechage

Theordinarykinetic momentunvector

C

with v the particlevelocity andy = (1 — v2/c?)~1/2 therelatiistic
factor
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The single-particlerelativistic Hamiltonian (cont.)

TheHamiltonianis thetotal enegy
H =FE = ymc® + ed

Thetotal kineticmomentum

UseHamilton'sequationsx, p) = [(x, p), H| to getequation®f motion

|

Lorenzequation
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The single-particlerelativistic Hamiltonian (cont.)

Canonicallransformation: (z, y, 2, Pz, Py, Pz) > (T, Y, 8, Dz, Dy, Ps)

moving the coordinatesystemon a closedcurve, with pathlengths, of a
particlewith referencanomentumF; in the guidingmagnetidield.

Thenanv Hamiltonian

Ps — e 2
N.NAN\;V\“@V —c Gua . M\mw&vw + Cu@ _ M\wavw i A S c ,wv
c c (1+

+m2c2 + ed(x)

x 2
o))

« A, =(A-8)(1+ %)

o p, = (p-8)(1+ %)

e p(s) thelocalradiusof cunature
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The single-particlerelativistic Hamiltonian (cont.)

Canonicallransformationl : (z,y, s, Dz, Py, Ps) — (2, Y, t, Pz, Dy, —H)

settingthe paths astheindependenvtariableandthe momentum-p, as
the new Hamiltonian.Assuming® = 0

H?2
H=(—ps) = |m>m - AH + - V — —m?c? — (pz — M\wavw — (py — m\mw@vw

If A timeindependent— H integral of motion,i.e. constantlongthe
particletrajectories.

* x x Longitudinalmotionneglected(not valid whenaccelerating) x x

YannisPapaphilippou page23
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Linear betatron motion
Assumea simplecaseof lineartrans\ersefields:
B, = bi(s)y
B, = —bo(s) + bi(s)x

e mainbendingfield By = by (s) = 22 [T,

e normalizedquadrupolegradient(s) = bi(s) ;5 = S@ [1/m?]

Py

e magnetiaigidity Bp = @ﬁ m]

ThevectorpotentialA = (0,0, A,) with

YannisPapaphilippou page24
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Linear betatron motion (cont.)

TheHamiltoniancanbewritten as:
2

H=-h _bmv i AWM - N?vv HM i NAMVWM B AH " R&v /\ww PRy

Equationof motionstill non-lineann thecanonicaimomenta!

e Canonicatransformatiorll : (p,,p,, —H) > (bz, 2y =H)
rescalinghecanonicaimomenta

e Expandthesquareoot

e Throw away termshigherthanquadratidnotalwaysagoodidea!)

e Introducethemomentunspread = m - Awm%ov

e New canonicamomentuny, = 4 = 7'

YannisPapaphilippou page25
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Linear betatron motion (cont.)

Thenewn Hamiltonian:

A 1 o = 1 1 2 y?
= (one/P) = 5 02 +0) + T o + 15 | (o — X)) 5+ K%

Hill’ s equation®f betatrommotion

L1 1 51
g +H+%Axgm|x@og.;+¢bav
1

"y~ K(s)y=0
@+H+% (s)y

Introducedispersiorfunction

N 1 1
Pr T T e =G
wherek,(s) = RMN — K(s) andK,(s) = K(s).
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Linear betatron motion (cont.)
e CanonicalkransformationV :(z, Y, Pz, Py) — (£ — x0,Y, Pz — Pz0,Py)

shifting the coordinatesystems origin to the closedorhbit.
Thenew equation®f motion

" + Ky (s)z,=0 : vy + Ky(s)y=0 .
Homogeneousquationswith periodiccoeficientsk,, ,(s) = K (s + C)
FloguetTheory
!

= VA Ba(s) cos(u(s) +v0s) 1y =/ AyBy(s) cos(thy(s) + voy) -

e theCourant-SgderinvariantA, ,

e theCourant-Sgderamplitudefunctions, ,(s)

/!
\QHL\
2

14a? :
andgammay,, , = —5 = functions
x,y

e thealphaa, , = —
e thephaseadwancey, ,(s) = [ %

o thetunesq.,, = L [ 72
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Action-anglevariables
e CanonicatransformatiorV to actionanglevariables ¢, ¢, Jz, J,)
z(s) =v/2Bz(8)Jz cos (¢z(s) + 0z(s))

2J
Bz (s)

Pz(s) = — [sin (¢z () + 0= (s)) + @z (s) cos (dz(s) 4 0 (s))]

with
Bz (s)x’ + ag(s)

i

. %&A,wv .

0z (s) = — arctan
Thenewn Hamiltonian
1
mocn: &@v — MAQ&,? + @@&cv )

Theequation®f motion

Jx = constant , Jy = constant

32(9) = Buo(s) + LI g (5) = gyo(s) + D220

anddescribea 2-torusin thephasespace ¢.., ¢, Jz, Jy).
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Generalized“non-integrable” Hamiltonian

Trans\ersevectorpotential:
e Basiclaw of magnetostaticy¥ . B=0-—3A :B=V x A

e Ampéreslaw invacuumv x B=0—3V : B=VV

man|@<n@>N | mwu|@<n§,&
ox Oy Oy Os
Caucly-Riemannconditionsof analyticfunctions
Az +iy) = Az (z,y) + iV (2,y) = D (kn + iAn) (2 +iy)"
n=1
Thenormalandskew multipolecoeficients
n—1 n—1
by — —WnTo and a4 = "MAnTo
By Bo

with ro thereferenceadius,B, themainfield
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Generalized“non-integrable” Hamiltonian (cont.)
e TheHamiltonian:

_ IW o 2y T e
H = (=ps/P) = 5 (P +Py) O
Thevectorpotentialcomponentd; is:
As= (A 8)(1+——)
p(s)
o 4y — M~|&Q\“~ - yn—+1
=(1+ o05) )Bo*Re 2, T 1 (z + iy)

UsetransformatiolV z = x5 + D6 + z0, y = yg + Dy + 3o
Thenewv Hamiltonianis

\I\ — mo + M ?w&vw@ AmvaH@w@
kx,ky

whereH, is theintegrableHamiltonian.Thetermshy, ., (s) are
periodicanddependna, , b, andtheclosedorbit displacements
Az = Dgd+ o, Ay = Dyd + yo
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Classicalperturbation theory

(Linstead(1882),Poincae (1892),Von-Zeipel(1916))
ConsiderageneraHamiltonianwith » degreesof freedom
H(J,p,0) = Ho(J) + eH1(J,p,0) + O(e?)

wherethenon-intgyrablepart 7 (J, ¢, 6) 1S 2z-periodicon 9 ande.

If e small— distortedtori still exist — try to “straightenup” thetori

1
CanonicalTransformatiorVI : Searcha generatingunction
S(J,¢,0)=J-p+eS1(J,p,0) + O(?)

for transformingold variableso (J, ¢) sothatnew & (J) only afunction
of thenew actions.

YannisPapaphilippou page3l
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Classicalperturbation theory (cont.)

By thecanonicakransformatiorequationstheold actionandnew angle

are:
J = .Nl+m®m‘HA.Nuwbu%v + Gﬁmwv
ol7
— @%u?ﬂuﬁu%v 2
= _ O
p=pte—_= + O(e%)
Invertingthe previousequations:
J = cwn_.m@m;cﬂwﬂ“%v + O(€?)
op
- @M.Hﬁnwummu%v 2
=@ — a O
p=@—c— = + O(€%)

* % % S1 IS expressedn termsof thenew variablesx x x
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Classicalperturbation theory (cont.)

Thenewnvw Hamiltonianis:

%m‘;.ﬂ p,0)
00

Expandtermby termtheold Hamiltonianto leadingorderin e:

H(J,$,0) = H(J(J,®),o(J,),0) + ¢ + O(e?)

mmoAlev @MHApﬂ P, 0)
oJ 0p
eH1(J(J, @), (T, $),0) = eH1(J, ) + O(c?)

Ho(J(J,$)) = Ho(J) + € +O(e?)

Equatingthetermsof equalorderin ¢, we getin zeroorderHy = Hy(J)
andin first order:

. 0S1(J,,6 _ 0S1(J,@,0
g, = 251, ¢ v+€¢:. 1(J, %, 0)

Hi(J,&
@% mwmm + HA uﬁv

with w(J) = % theunperturbedrequenyg vector
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Classicalperturbation theory (cont.)

New Hamiltonianshouldbeafunctionof b only — eliminateg

!

o Averagepart: (Hi)g = (5=)" § Hi(J, @)d@
e Oscillatingpart: {H1} = H; — (H1)g

Usingthe previousequationsf; becomes

_ 051(J, 5,0 _ 051(J, 3,0
g, = 992,60 5. 251J.8,0)

56 b HHIT. @) + {HI(,9)) -
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Classicalperturbation theory (cont.)
Chooses; sothatg dependencss eliminated:

051(J, @, 0) _ 0S1(J,p,0) _
50 + w(J) - 0% =—{H1(J,¥)} ,

Hy(J) = (Hi1(J,¢))e and

New Hamiltonianis afunctionof thenew actionsonly to leadingorder!!!
H(J) = Ho(J) + ¢ (Hi(J, @) + O(€%) ,

with the new frequeng vector
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Classicalperturbation theory (cont.)

BUT canwe find anappropriategeneratingunction s; ?

!

Expandin Fourierseries

{Hi(J, @)} = Hix(J)e'k-&trd)
k,p

withk - @ = k11 + - - - + k,¢,. andalso
S1(J,8,0) = ) Si(J)e!e @70

k,p
Theunknovn amplitudess,, (J) are:
_ . Hy(J) .
mgavlsw.&ﬁ%v._.@ with k,p#0 ,

andfinally

_ _ Hy (J .
S(J,p)=J-@+ei M . .GHA_%VV.T%QSQ?G._%S + O(?) .
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Classicalperturbation theory (cont.)
e Remarks
1) Whatabouthigherorders?

In principle,thetechniqueworksfor arbitraryorder but variables
disentanglindbecomedlifficult (evenfor 2ndorder!!!)

l
Solution— Lie transformations
(Applicationin beamdynamicsy DragtandFinn (1976))
2) Whataboutsmalldenominators?
Resonance% - w(J) +p =0
l
Solution— Superconvergentperturbatiortechniqgues KAM theory
(Kolmogorwar (1957),Arnold (1962)andMoser(1962))
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Application to the acceleratorHamiltonian
(Hagedorn1957),Schoch(1957),Guignard(1976,1978))

e ThegeneralcceleratoHamiltonian:
i\AﬂN8“ K@u %8“ %@v — NHNOAANHV K@v |_| mHApNR“ rN@v %8“ %@v
Thetrans\ersevariable:

n\.nd 8 . |.
HA%V ” \@43 AQSA@HAMVlTQHAmvv |_| @ SAﬂam.wvl_l%HAvav

andtheequwvalenty. TheHamiltonianin action-anglevariables:
\I\A%@; ,N@“ Pz, &@v — moA,Nn: ,N@V + m;,\au ,N@u Pz, %@v

° ._ljmmsﬂmm_.m_u_mbmﬁmo@? Ty) = £ (QuJae + QyJy)
e Theperturbation

ko K o
EHA%HQ nwm\u b, Av@w s) = . MWA Jy &\M NA@\M MU Mww 95 k1, Smmvms:u|wv$8+2|3@v$@_
€Xr @
e Thecoeficients
i,ﬁ&@ﬁ s) \,QX vmas\mﬁ vmg\mﬁ )il =k)0z () +(1—m)By ()]

° ._.:m_:QQmm&qu kr = j+ k andk, =14 m.
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Resonancalriving terms
Coeficientsh,, i, (s) areperiodicin 6 — expandin Fourierseries

k. \A@ 1e'0)
M w w M M , M ) i[(j— —m —p3
ki, ky 7 l

p=—00

with theresonancaeriving 635

Iweg H e\w \m s.:m.lwvme?i:lﬁvm?i.@%_
Qb.gwffswmo - Ab VA l v ulT\AlTNlTS . &E\\AHLA@A vm A vmm\m\ A v @ .m\

For n, = j — k andn, =1 — m we have theresonanceonditions

Goalof acceleratodesignandcorrectionsystems— minimizeg; x ; m.p
by

e Changemagnetesignsothats,, ,, (s) becomesmaller

Introducemagneticelementsapableof creatinga cancellingeffect
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Tune-shift and spread

Firstordercorrectionto thetunes— dervativeswith respecto the
actionof averagepartof H;. For moZmZm:s hiy ke, (8)xReyPu

o J il(5— —m

ky/2 ;ky/2—1 kg ky

Jiwl 2 gy . .
0Qy = mrwm MM& k,l,m MW@LC k)¢a+(1=m)dy]

whereg; » ;.. theaverageof g; ;. ; .. (s) aroundthering.

? 2V

e Remarks

If Q. , INdependentf J, , — tune-shift
If 6Q. ., depend®nJ, , — tune-spreador amplitudedetuning)
® 6Qs,, =0fork, =5+ kork, =1+m odd— goto higherorder

e |eadingordertune-shift— impactof errorsandnon-lineareffects
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The singleresonancdr eatment
Generaltwo dimensionaHamiltonian:
EA.H“GV — NHNOA.HV |_|m.N|>NHA.H“va

with the perturbedoartperiodicin angles:

Hi(J, @) = Y Hp, k,(J1,J2) expli(kip1 + k22)]
k1,k1

Resonance;w; + naws = 0 — blow up thesolution

!

CanonicakransformatiorVIl : (J, ) — (3, ) eliminateoneaction:
Fr(J,) = (n191 — nag2)J1 + pa2.Jo

Thetransformeddamiltonian

A A A

H(J, ) = Ho(J) +eH1(J, 9)

antthe perturbation
Hi(3, @) = Xk, 5y Hiy ko (3) exp A:FH (k141 + (kin2 + stvﬁm@
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The singleresonancdr eatment(cont.)

Relationdbetweerthevariables
Ji=n1J1 Jy = Jo —naJy

A A

Y1 = N1Y1 —n2p2 Y2 = P2
Transformationo arotatingframewhereg,; = nig; — noge measures
deviation from resonance.

Averageoverthe“slow” angleg; = -

H(J,¢)=Ho(J) +eH:1(3,41)

with Hy(J) = Hy(J) and
H, A.H $1) = AMJ au P1)) @y = MMHooWoo H—pny,pnsy av exp(—ipp1)

Theaveragingeliminatedoneangleandthus.Jj; = J, + J; =2 isan
iInvariantof motion.
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The singleresonancdr eatment(cont.)
AssumedominantFourierharmonicdor p = 0, +1

—_— A~

(J,01) = Ho(J) + eHo o(J) + 2eHpy —ny (J) cos 1

IntroducexJ; = J; — Jio moving referencen fixed pointandexpand
H(J) aroundit — Hamiltoniandescribingmotionneararesonance:

_ 92Hy(J) (AJy)?
N %%Hw Ji=J10 2
Motion nearatypicalresonances like thatof the pendulum!!!
Thelibration frequenyg

mﬁﬁbbv%ﬁv +wm~m~§u|:m av COS Y1

92 Hy (J) i
N — = 0
w1l = wm\.mzﬁ“lﬁw?—v|>w A A
@&H J1=J10
Theresonancéalf width s
IS T C)
92 Ho (J)
L PR
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Resonanceoverlap criterion
(Chirikov (1960,1979)Contopoulog1966))

Whenperturbatiorgrows — width of resonanceslandgrows.

!

Two resonantslandsoverlap— orbitsdiffusethroughtheresonances.
Distancebetweertwo resonances

we getasimpleresonanceverlapcriterion AJy, mae + Adps maz > 3Jp

Consideringvidth of chaoticlayerandsecondaryslands,we have the
“two thirds” rule AJ, maz + Adnr maz > 2605

Limitation: geometricahature— difficult to extendin systemswith
n>3
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Singleresonanceheory for the acceleratorHamiltonian

(Hagedorn1957),Schoch(1957),Guignard(1976,1978))
ThesingleresonancacceleratoHamiltonian

1
H(Jz, Jy, Pz, by,8) = MAQR&H + QyJy)

ky ky
2

Jy

rx
2

S
J cos(Ng Pz + nydy + Ppo — ﬁmv

2
+ .Q\B\uuu\;ﬂc m
<<_._”—J .Qﬁ\&ﬁzzt ms.%O — .Q.Q.QN“TSWB.

Fromthegeneratingunction
ﬁﬁﬁﬂav %@v %au %@“ mv — Aia%a + 3@&@ — ﬁmv%a + %@%@
we getthe Hamiltonian

(neQz + nyQy — p)Ju + Jy
R

2 N - ~  Fy ~
 gnainy 5 (e de) T (nyJs 4 7y) 3 cos(de + o)

W\,NAAN\,S“AN\,QQ%SV —
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Resonanceavidths
Thetwo invariantsarethe nav actionandHamiltonian.In theold
variables:
ot Ty
Ny Ny
_ __p ___ b
€2 = Amwa . +§@vﬂ\a +A©@ N +3@v,\@
ky ky S
+ M.QS\HUSQ Jz? %@w OOwAQ@a&H + 3\@%@ + ¢o |@Mv .

nz,n,, WIth oppositesign (difference resonances)— boundedmotion
nz, ny WIth samesign(sum resonances)— unboundednotion

* * x thesearefirst orderperturbatiortheoryconsiderationg x x

Distancefrom theresonance = n. Q. + n,Q, — p—> resonance stop
band width :

ky—2 ky—2

Ae = ?%S& T Ty 2 (kaneJe + kynyJy)
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The choiceof the working point

During designjmposeperiodicstructurestrongetthanl

Resonanceonditionn, Q. + n,Q, = p = mN, With m the
super-periodicity

If p = mN — structural or systematic resonances
If p #mN — non-structural or random
Major designpointsfor high-intensityrings:
e Chooseheworking pointfarfrom structuralresonances

e Preventthebreakof thelatticesupersymmetry
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The choiceof the working point (cont.)

6.45 _
1
|
1
1
|
1
635~ 1 -0y o
Ty - 5
el [
| 3
1
m 6.25---+ A =
(]
E 5! >
& &
O -
+< Q)
O 615 =
> [ m/" hy
AT
voe ¥/Y
/, H_M" ; \\
/, | \\
6.05 K% 1)/ .
7NN %
VIR
m.mw 1 N 1 \
595 605 (25 6.15 625 635 6.4t
Horizontal Tune Horizontal Tune

Figurel2: Tunespacesor alatticewith superperiodfour. Theredlinesarethestructural

resonanceandthe blackarethenon-structura(up to 4th order).
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Introductionto AcceleratoiDynamics

SymplecticMaps

z, 7z two setsof canonicalariables

Transformatiorfrom z to z — Mapping M

M:z—7Z
TheJacobiamatrix M = M(z,t) iS M;; = 5%
J
. 0 I
M Symplecticif MT J M = J whereJ =
.

M symplectic— [z;, z;] = [2i, 2j] = Jij

!

Symplecticmapspresere the Poissorbraclets
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Lie Formalism

Poissororacletsproperties:
[af +bg, h] = alf,h] +bl[g,h] ,a,b € R
Lfs 9l = —lg, f]
[fs g, Bl] + g, [h, F]] + (R, [f, 9]] = 0O
[fs gh] = [f, 9lh + g[f, h]

Setof functionsof (q,p,t) — linearvectorspace
!

Poissorbraclet Lie Algebra

Lie Operator: f
:fig=1f,9]

and: f: 2g = [£,[f, gl], €tc.
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Lie Formalism (cont.)

For a Hamiltoniansystem# (z, ¢):

@HT&QN_HHQHN
dt
andthesolutionz(t) with z(0) = z; canbe obtainedformally as:
Lk, k
z(t) = leLw #g — ety

with M = ¢H: asymplecticmap.
The Campbell-Bakr-Hausdorf theoremensureghat
mm\wmﬁm — mQ

A, B andC realmatrixesands,tsufiiciently small.
In anacceleratothe oneturn map M mappingtheorigin into itself can

bewritten as:
M = eifer gifar gifar

wheref,, homogeneoupolynomialsof degreem in z1,. .., z,.
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Normal Form Construction
Theoneturnmap:z’ = M(z) wherez = (z, p.,y,p,) € R*

M /
zZ —— Z

ST

\g|v\=\
U

WIth M =& 10U o ® andu = ¢ and® = . Thetransformationn
thenew setof variableds
ﬁ — mlLﬂiu h

wherers, = /27, , eFi%=.v istheresonancéasisand
AVMM_NQAZV = \MNHTQ mn_ns.\%aéﬁzv <<_._“j @HVQAZV = Mﬁ.ZN\&u@ + \%SL\O. We —Jm\m

.k l._m . .
Fr = M .\waSAMQA& A.M. A.@ with uuNqusmN
Jklm
andthus

Jtk +m .
ﬁﬁ” M NM.ESANN@,V m Aw~@v 5 e~ Wikim
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Graphical ResonancdRepresentation

itk l4m
N.uﬁR M .D.ES maw m@ w mlsﬁfﬁj@

Jjklm
wheretheemittancesiree, = no /> cos K andey = nq, /<> sinK Fora
resonancev, + bq, = c We have:

a
~ 2
Mu?f@v ~ M .\.213 €z €
Jklm

Jtk+l+m<n
j+k=a , l+m=>b

wherewe took the contrikution of theresonancéermsup to anordern

andarbitrarily set«; .., = 0.

pageb3
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Graphical ResonanceRepresentation(cont.)

Amplitude

0.025
0.02
0.015
0.01

0.005

0

Seed number

Resonance

Figure13: Normof the 7th orderresonanceoeficients f;,,, of th generatingunction,

for 60 seedf LHC opticsversionss usingthe“nominal” errortable.
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Graphical ResonanceRepresentation(cont.)
0.7 - (7,0)

0.6 -

0.5 1

0.4 -

0.3 -

0.2 - 1
(6.1)

0.1 1

Average A.R.D. of resonances

ﬁ,_\e (1,-1) S,va } (3,1)

Resonances

Figurel4: Averageabsolutevalueof theresonancestrengthgelative dif-
ferenceat8c and15° between_HC opticsversion4 and5 with andwith-
outtheerrorsonthe“warm” quadrupoles.
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FrequencyMaps
Perturbatiortheory— insightaboutnon-linear

Problem:Constructiorof normalformsor actionvariablescannotbe
appliedfor large perturbations

Needa methodto representhe systemsqglobaldynamics

1
Frequeng mapanalysigLaskar1988,1990)

Algorithm to preciselycomputerequenciegssociateavith KAM tori of
trackedorbits
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FrequencyMaps (cont.)

NAFF algorithm— quasi-periodi@pproximationtruncatedo ordern,
2 .
fi(t) = M aj e vkt
k=1

with fi@),a;, €C and; =1,...,n, of acomple function
£;(t) = q;(t) + ip; (t), formedby a pair of conjugatevariablesdetermined
by usualnumericalintegration,for afinite time spant = .

Recwerthefrequeny vectorv = (vq,vs,...,v,) — parameterizeKAM
tori.
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FrequencyMaps (cont.)

Construcfrequeng mapby repeatingorocedurdor setof initial
conditions.

Example:Keepall the ¢ variablesconstantandexplorethe momentap to
producethemapr.;:

R* —» Rv
Fr
NQ_Q”QO — UV .

Dynamicsof the systemanalyzedby studyingthe regularity of the
frequeng map.
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FrequencyMaps (cont.)
F.M.A is appliedto trackingdatax,

2 .
.\.Q\Aﬂv = M Q\b.uwums&m.ww :
k=1

with fi(#),a;, €C and; =1,...,n, of acomple function
£;(t) = q;(t) + ip; (t), formedby a pair of conjugatevariablesdetermined
by usualnumericalintegration,for afinite time span: = .

Recwerthefrequeny vectorv = (vq,vs,...,v,) — parameterizeKAM
tori.
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FrequencyMaps (cont.)

Construcfrequeng mapby repeatingorocedurdor setof initial
conditions.

Example:Keepall the ¢ variablesconstantandexplorethe momentap to
producethemapr.;:

R* —» Rv
Fr
NQ_Q”QO — UV .

Dynamicsof the systemanalyzedby studyingthe regularity of the
frequeng map.
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FrequencyMaps (cont.)

F.M.A is appliedto trackingdata(~ = 500 turns),for large numberof
Initial conditions(x 104).

Particle coordinateslistributeduniformly on Courant-Sgderinvariants
Ao andA,, atdifferentratiosA,q/A,o.
Themapis

R? — R?

Fr :
ANSV.N@V_@&%@H? —  (Va,vy)
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Vertical Tune

FrequencyMaps for the LHC

0.318 |
0316 | . oo~
6-100

e 10-130
0314 + ® 13-160

e 15-750

e |ost orbit
0.312
0.310
0.308
0.306

!

O wOL. L~ y) ¥ ) PR f\ L

0.274 0. Na 0. mﬂm 0.280 0.282 0. Nmﬁ 0.286 0. mmm
Horizontal Tune

BROOKHFAEN

NATIONAL LABORATORY

Figurel5: Frequeng mapfor the LHC opticsversion5 usingthetamgeterrortable.
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FrequencyMaps for the LHC (cont.)

Vertical Tune
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Horizontal Tune

BROOKHFAEN

NATIONAL LABORATORY

_n_@cwm 16: Frequeng mapfor the LHC opticsversion5 with a big skew octupoleerrorin

themaindipoles.
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Diffusion Maps

Calculatetunefor two equalandsuccesste time spansandcompute
diffusionvector:

Dli=r = V|tc(0,r/2] — Vlte(r/2,7] 5

Plotthepointsin (4.0, A,0)—Spacewith adifferentcolors

e Qgrey for stable(|p| < 10-7) to

e blackfor stronglychaoticparticles(|p| > 10—2).

Diffusionquality factor:

D )
(I2o + I2g)t/2 71

Dqor = (
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Diffusion Maps for the LHC

BH

Vertical Position (0)

(cont.)

,,,,,,

|D| <1077 |
01077 < |D| <1076 |
2107 < |D| < 107° 1
e 107 < |D| <107
e 107 < |D| £ 1073 ]
e 1073 < |D| <1072 1
« 1072 < |D|

0 2 4 6 8 10 12 14 16

Horizontal Position (0)

NATIONAL LABORATORY

Figurel7: Diffusionmapsfor the LHC opticsversion5 usingthetargeterrortable.
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Diffusion Maps for the LHC (cont.)

Hmw

Vertical Position (0)

|D| <1077

e 107 < |D| <1073

e 1072 < |D|

0107 < |D| < 1070 |
«10°° < |D| < 107 |
e 107> < |D| <107 ]

01073 < [D| <1072 ]

6 8 10 12 14 16
Horizontal Position (0)
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Figure18: Diffusionmapsfor the LHC opticsversion5 usingthetargeterrortable.
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Choosingthe bestworking: point for the SNSring

T
| (PO 7
| \ \_,@\/m,\\ /
I T 2 /
| | N& /
\
I /Mb\ /
| /
IN.N«A& | // /
= ! Ny
| ! //
/
I
6.4 | e ]
| \ ~
| \ \\ mul
_ - /\,\
Q ! -
- I "\ =~
| /
> | s
— | \
—_ \
& | \
Q | Y
= 6.3 I \ )
() _ \
> | \
I \
\
\
|||||||||| -
\
\
\
I
I
6.2 1 \ i
(@] \ |
\ = / -~ / v
\ Ry / N~
\ AN </ Voo~
\ N 1 W T~o_
\ AN &y y [ -~
\ | | / | JA\ | =~
6.3 6.4 6.5

Horizontal Tune

Figure 19: Frequeng mapsfor the working point (6.4,6.3),for 9 differentép/p, from
+2% (left bottomcorner)to -2% (right uppercorner)
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Choosingthe bestworking point for the SNSring (cont.)

Working point comparison (no sextupoles)
0.014-

0.012-
<(6.4,6.3)

0.01-
0.008-

0.006-

0.0044 ] \

Tune diffusion coef.

0.002+

25 -2 15 -1 05 0 05 1 15 2 25
Momentum spread [%0]

Figure20: Tunediffusioncoeficientsfor all SNSworking pointsversusthe differentmo-
mentumspreadsfor naturalchromaticity Thedashedinesarethe averageof the coeficient
over all momentumrspreads.
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Experimental frequencymapsfor the ALS

Robinetal. (2000)

e Horizontalandverticalpinger
magnetso kick thebeamin
bothdirectionsandin oneturn
(risetime of 600ns)

e Bunchtrainof 4 x 10
electrond10mA)

e RecordlO024turnsonaBPM
synchronizeadvith thekick
(1/200of dumpingtime)

e 600kicks (20 secsperkick or
4 hours)
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Tune-shiftand resonancalriving terms in the SPS
Bartolini etal. (1999)

e Coastingoeamof 1012 protons
@ 120GeV 062a |

o @8 — M@@Mwﬂ. @@ — M@@Mwmw 0.620 |
with correctecchromaticity

0.616

Fractional Horizontal Tune

0.612

e Closedorbit, coupling
correctedwithoutdumpers "o 05 )
Horizontal Invariant [mm mrad]
andoctupoles

e Extractionsextupoleson

0.02

e Horizontalkicks with fast
extractionkicker

0.01

Resonance Term (3,0), f3000

e Dataof 170turnsrecordecbn
U _ O —AI C —Um ’ >3u=mcgm [mm] at :MMNO:S_ beta of Mwo:a *
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